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MINIMIZATION PROBLEMS FOR NONCOERCIVE FUNCTIONALS
SUBJECT TO CONSTRAINTS

VY KHOI LE AND KLAUS SCHMITT

ABSTRACT. We consider noncoercive functionals on a reflexive Banach space
and establish minimization theorems for such functionals on smooth constraint
manifolds. These results in turn yield critical point theorems for certain classes
of homogeneous functionals. Several applications to the study of boundary
value problems for quasilinear elliptic equations are included.

1. INTRODUCTION
Let V be a reflexive Banach space and let
F:V->R

be a weakly lower semicontinuous functional and let S C V' be a weakly closed
set. This paper is devoted to the problem of establishing the existence of points
u € S such that

1.1 F(u) = mi
(1.1) (4) = min F(v),
and consequences of such results. If it is the case that F is coercive, then
classical results ([MW], [S]) establish a solution of this problem. The functionals
considered here have the property that the perturbed functionals

Fe(u) = F(u) + €||ull?,

where ||-|| is the norm of V', are coercive for € > 0 and that the solution sets
{ue}, of
(1.2) Fe(u) = min F(v)

vES

are a priori bounded. Solutions of the original problem are thus obtained via a
limit process, letting € — 0 (since V is reflexive, bounded subsets have weakly
convergent subsequences). This procedure (of elliptic regularization) has been
widely used (see, e.g., [KS], [ASV1-3]); we here provide a class of functionals
(and compatible manifolds S) for which this method of attack is applicable
and include a variety of consequences such as critical point theorems (e.g., the
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recent results in [BTW]) and various applications to boundary value problems
for nonlinear elliptic partial differential equations.

The paper is organized as follows: In sections 2-3 we consider the case that
V = H is a Hilbert space, since matters are more transparent and easier to dis-
cuss. In section 2 we define a class of functionals (functionals having property
(P)) for which the above described procedure yields a solution of (1.1) and we
state and prove our main abstract existence theorem (Theorem 2.5). We further
provide several (more easily verifiable) criteria which imply this property, and
also criteria which describe manifolds S which satisfy the necessary compat-
ibility conditions. In section 3 we derive several critical point theorems (and
several special cases of Theorem 2.5) which may be derived from Theorem 2.5
and Liusternik’s theorem on Lagrange multipliers. The subsequent sections (4
and 5) are devoted to the more general situation where V is a reflexive Ba-
nach space and extensions of the results in the earlier sections. Some of the
analysis will be similar; when this is the case we shall so indicate and forgo the
details; however, as we shall see, enough significant differences exist to warrant
these sections. We conclude with several examples giving applications of the
results established to the theory of boundary value problems for semilinear and
nonlinear elliptic equations, including problems involving the p-Laplacian.

2. GENERAL RESULTS

2.1 Assumptions and notations. Let V' = H be a Hilbert space with norm
|- || and inner product (-, ). Let

A:H— H(=H")
be a mapping such that the functional
p:H—-R
given by
uw— (Au, u)
is weakly lower semicontinuous. Let
J+H — RU {+00}(# o0)

be a convex, lower semicontinuous (hence weakly lower semicontinuous) proper
functional such that (without loss in generality) j(0) =0.
Let Y be a Banach space with norm | - ||y and suppose that

v:H-Y
is a completely continuous mapping. Let y € Y be fixed and let
S={ueH:yu) =y}

Since y is completely continuous, i.e., continuous from H endowed with the
weak topology to Y with the norm topology, S is weakly closed in H. We
assume that S # @, that j(u) < +oo, for some u € S and ¢ is bounded from
below on S in the sense that there exist constants ¢ > 0 and 0 < f§ < 2 such
that

(2.1) o(u) > —cllullp.
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We define
F:H-R
by
(2.2) F(u) =¢(u) + j(u).

Then F is weakly lower semicontinuous on §.
We now consider the following minimization problem:

(2.3) F(u) = min F(v),

1.e., the problem is to show the existence of u € S such that (2.3) holds.
2.2 Functionals with property (P)

Definition. We say that the functional F (or the pair (¢, j)) has property (P)
on S whenever the following hold:
If {v,} C S is any sequence in S satisfying, as n — oo,

|[vnll — oo,
llvall

: v

lim sup 0(Vn) 0,

n—oo |[Unll? =

wn AO)

(2.4)

(where, as customary, — denotes weak convergence) then there exists vy € S
such that
(2.5) lim sup F(v,) > F(vo).

n—oo
Our main abstract existence result for problem (2.3) will involve functionals

having property (P). Before stating and proving this result we shall provide
some conditions guaranteeing that property (P) holds.

Proposition 2.1. Let K be a closed convex subset of V., SCc K, 0e€ K, and
assume that A is nonnegative, i.e., (Au,u) >0, u € K, and assume that: If
{vn} is a sequence in K such that

Un

Unl| — ) TRuT Oa
lonll = 00>
and
@ (vn)
2.6 -0,
(2.6) ol
then
(2.7) lim sup —l—F(v,,) > 0.

n—co ||l
Then F has property (P) on S.

Proof. Let {u,} C S be a sequence such that (2.4) holds, then since {u,} C K
and (2.6) is valid we get by assumption that (2.7) is true. Since [[v,]| — co we
must have that

lim sup F(v,) = oo,

n—o00



4488 VY KHOI LE AND KLAUS SCHMITT

and therefore
limsup F(v,) > F(v),

n—oo

forall v € S with j(v) < +oo; hence (2.5) holds.

The property described in Proposition 2.1 is the property called P-coercive-
ness used in [ASV3].

Proposition 2.2. Let K be as above and assume that F satisfies: If {v,} is a
sequence in S such that

Un

|| = 00, wp= —w,
(2.8) v " [lvall
sup F(v,) < +o0,
neN
then v
w, = —2
" vl

Then F has property (P).
Proof. Let {u,} C S be a sequence such that (2.4) holds, we claim that

limsup F(u,) = +o00

n—oo

and hence complete the proof as in Proposition 2.1. If the claim were false we
get that
F(v,)<c, neN,

for some constant ¢ and hence by assumption
wn e O E]
a contradiction to ||jw,| =1.

Proposition 2.3. Let K be as above and assume again that A is nonnegative
and there exist ¢ >0, Py, P, : H — Rt such that for all v € K satisfying

(2.9) lol|=1, Awek, A>1,

one has

(2.10) HAG), v) + Pofo) + Pr(o) + J*(0) 2 ¢,

(j*(v) = max{j(v), 0}), Py(K) is bounded and there exists s > 0 such that
(2.11) Po(Au) < ASPy(u), YA€[0,1], Vuek.

Further

(2.12) P (v,) — 0, whenever v, — 0, {v,} CK.

Then F satisfies property (P).
Proof. The above result is from [ASV3], where it is shown that the above con-
ditions imply the hypotheses of Proposition 2.1 and hence property (£) holds.

2.3 Existence results. Let the assumptions and notations of section 2.1 hold.
We are now able to establish existence results for problems (2.3) for functionals
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that satisfy property (P) provided certain compatibility conditions are satis-
fied. Before proceeding to the abstract results we need one further piece of
information from [ASV1].

Associated with the functional j we have the following functional j., : H —
R U {oo} defined by j

. .1
Jeo(w) = lim = j(tw).
This functional has the following properties as stated and proved in [ASV1].

Lemma 2.4. The functional j., satisfies:

(1) Jjoo is convex and lower semicontinuous with j..(0) =0,
(2) Jj(u+v) < j(u)+ jo(v), Yu,veH,

(3) Jo(Aw) =Ajoo(w) VA20, Yw € H,

(4) If]—ﬂ-[ w and ||un| — oo, then

Joo(w )<11m1nfj( Un)

n—oo |lun| "

We are now in a position to state and prove our main existence result and
establish several consequences.

Theorem 2.5. Let F satisfy property (P) on S and suppose the following com-
patibility condition is satisfied: If w € H is such that there exists a sequence
{un} C H such that

Un
Uy|| 2 00, Wyp=-—7F—w,
” 'l” n ”u"“
(2.13) lim sup —— “ i’ 9(Un) + joo(w) <0,
n—oo n

lim Y3 _ o viso,
n=co |[un]|

Then we have
- S, v ,
(2.14) { u—we uesS
F(u—-w) < F(u), Yu € S.
Under the above assumptions the minimization problem (2.3) has a solution
ues.

Proof. We employ the method of elliptic regularization (see, e.g., [KS]), i.e., we
consider the perturbed functionals

(2.15) F.(u) = F(u) + €||u||?, ueH, e>0,
and show that the problems
(2.16) F.(u) = min F(v)

vES

have solutions {u.} C S. We next show that the family {u.} is uniformly
bounded, From which will follow that there exists a subsequence {u,}, €, | 0,
and u such that

Ue, — U.

n
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Since S is weakly closed, u € S. Further, since F is weakly lower semi-

continuous,
F(u) <liminf F (u,)

n—oo
< liminf(F (ue,) + €nlluc, ||?)
< liminf(F (v) + &lv)?), WwesS
—00
=F(v), Yves.
Hence
F(u)= rglelg F(v).
Thus consider problem (2.16). Since j is lower semicontinuous and convex,
there exists £ € H and ¢ € R such that
ju) >, u)+c, Yu € H.

Hence .
Fe(u) = €llull® + (Au, u) + j(u)

> ellull® - cllull? - (e, w)| - e,
since 0 < f < 2 we obtain immediately that
Fe(u) o0 as [ul| — oo,

i.e., F. is coercive on H , hence on S. Since S is weakly closed in H, there
exists #. € S such that

(2.17) Fe(u¢) = min F, (v).
vES
It suffices therefore to show that {u.} is bounded. Suppose this is not the case.
Then there exists a subsequence
{un=ue,,}c{uc}a fnloa

such that
lun|| — oo, n — oo.
It follows from (2.17) that for all v € S
(2.18) F(un) + €nllunll®> < F(v) + €xlv]%.
Hence
lim sup —— F (1) < limsup —— (F () + €]|ttn|?)
n—oo ” n” n—oo ” n“
< limsup ——(F(v) + €,]|v]|?)
n—oo ||U nII
=0.
Passing to a subsequence, if necessary, we may assume that
Un
Wy = —— —
" luall

Using the properties of the functional j,, (see Lemma 2.4) we have

Joo(w )<11m1nfj( )

n—oo |[un|l "
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Hence
. 1 . . 1 J(un)
imsup —— @ (Up) + joo(w) < limsup ——o(u,) + 11m1nf
n—co ||Unl| n—co |l nII N4l
< limsup ——F (u,)
n—oo |l n"
<0.

Further, since {u,} C S, w(u,) =y, we must have
: ¥ (un)

lim su =0, A>0.
oo itall”

Thus (2.13) holds and consequently, by hypothesis, (2.14) must hold. In par-
ticular,

Uup—wesS, Fu,—w)<F(u,), Vn.
Letting v = u, — w in (2.18), we get
F(u,) + fn”unnz < F(up —w) + €pllun — w||2
< F(un) + €nllun — w|*.

Thus
”un”2 < lun - wllz, vn,
or
lunll? < llunll® = 2, w) + lw|?,
and hence )
(Un, w) < illwllz-
Therefore ]
w
(W, W) = 7—(Un, W) < ;
o) = g w0 < 32l

and since w, — w we conclude w =0, i.e.

w, — 0.
Using (2.18) again and dividing the inequality by |u,||?>, we obtain

1
limsup ——=F(u,) <0,
MU g e () <
i.€e.,
1
2.19 limsu + ——j(u }S

Since j is convex and j (O) =0, we have

llmlnf]( ) >11m1nfj( >
llunl|?

n—oo ||lu ,,||2 n—oo
lim 0.
> (Jfim ) =

. 1
lim sup Ww(u,,) <0

Hence (2.19) implies

n—oo
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We thus have all three conditions in the definition of property (P) holding.
Consequently there must exist u#g € S such that

(2.20) limsup F(u,) > F(uy).

n—oo
But (2.18) implies
F(un) < Fe,(un) < Fe, () = F(to) + €x|uo]|,

and we obtain a contradiction to (2.20).

3. CRITICAL POINT THEOREMS

In this section we shall use Theorem 2.5 together with Liusternik’s theorem
(Lagrange multipliers) (see [K]) to establish some existence results for critical
points of certain functionals.

Let us now assume that

a:HxH-R
is a continuous bilinear form which is positive, i.e.,
(3.1) a(u,u)>0, VYueH.
Then
9p:H->R
given by
(3.2) o(u)=a(u, u)

is a nonnegative weakly lower semicontinuous functional on H . Let us assume
that

(3.3) dimW = dim kera = dim{u : a(u, u) = 0} < o0,
and there exists ¢ > 0 such that
(3.4) p(u) > cllull®, Yue W,

i.e., ¢ is coercive on W+ .

Remark 3.1. Throughout we shall denote by ker of a mapping, say ¢, ker ¢ =
9~'{0} ; this notation is not intended to convey that ker ¢ is a linear space,
even though in many situations, it will be; see, e.g., (3.3) above.
Let
v:H-R

be a weakly continuous functional homogeneous of degree o > 1, a # 2, i.e.,
(3.5) v(Au) = A*w(u), VA>0, ue H,

and let S be given by

(3.6) S={ueH:yu) =y},

which we assume to be nonempty.
We have the following consequence of Theorem 2.5.
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Corollary 3.2. Let ¢ and y satisfy the above conditions and assume

(3.7 w(u)#0, Vue (W =kera)\{0}.
Then there exists u € S such that
(3.8) p(u) = ryelg p(v).

Proof. We check the conditions of Theorem 2.5. To this end we let
(Au,v) =a(u,v)

and j = 0. We shall prove that F = ¢ satisfies property (P). We shall
show this by invoking Proposition 2.3, choosing Py = 0 and P;(u) = ||[Iu|?,
where I1: H — W is the orthogonal projection of H onto W =ker¢. Since
dim W < 400, Il is a compact mapping proving that P;(u,) — 0, whenever
un — 0. Hence (2.11) and (2.12) hold. Now for u € H, |u||=1, A>1

l(A(Au), u) + P(u) =a(u, u) + Pi(u)

A
= a(u—T(u), u—T(w) + [[Tw)|* (u-T(u) e W)
> cf|u — T(w)||> + | T(w)|?
> min(c, 1)([lu - T(w)|1* + T1(w)[*)
> min(c, 1) > 0.
Thus (2.10) is true, showing that property (P) holds.
We next check the compatibility condition of Theorem 2.5. To this end, let

{un}, {wn}, and w satisfy (2.13). We shall show that w = 0 and hence
(2.14) will obviously hold. We have (since j,, =0)
1

limsup ——a(u,, u,) <0
n—oo  [Unll

(see (2.13)). Hence
lim sup a(w, , w,) = limsup —l—z-a(u,, , Up) < 0.
n—oo n—oo ||[Unll

Since ¢ is weakly lower semicontinuous
¢(w) < liminfg(w,) <0,
n—o00
and therefore
(0(’(1)) = a(w’ w) =0,

i.e.,,w € W = ker a. Now using (2.13) for ¢ and the weak continuity of
we get

. 1 u

0= lim ——w(u,) = lim —”):lim wy) = y(w),
n—o0 ”un”a W( n) n=00 !// (”un” n—00 ( n) '//( )

which by hypothesis implies that w = 0.

Corollary 3.3. Assume the conditions of Corollary 3.2 and that y also satisfies:

{Elu € H such that w(u) <0,

(3.9) w(u)>0, Vue W\{0}.
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Then the functional [ defined by
(3.10) Su) = o(u) + w(u)

has a nontrivial critical point.
Proof. If u € H is such that y(u) = M <0, then w(|M|~"/*u) = —1. Thus

S={u:yu)=-1}#2.
Since y is homogeneous, we have that for u € S

(W'(u), u) = ay(u) = —a # 0.

Hence y’'(u) # 0, u € S. Let u be the minimizer of Corollary 3.2. Then we
obtain from Liusternik’s theorem (see [K]) the existence of a Lagrange multiplier
u € R such that

(3.11) ¢'(u) + uy'(u) = 0.

Hence
0= (¢ (u), u) + u(y'(u), u) = 20(u) + pay (u) = 2¢(u) — pe.

Since ¢(u) >0 for u € S, we get a > 0. Rescaling, i.e., putting v = uﬁ'l‘Zu,
we see that v is a critical point of f.

Remark 3.4. Corollary 3.2 is the major result from [BTW].
The following corollary contains Corollary 3.2 and Corollary 3.3 as special
cases.

Corollary 3.5. Let ¢ and y be as above (i.e., satisfy the conditions (3.1)-(3.6))
and assume that

(3.12) viv—u)=y(v), YveH, YueWnkery,

where kery = {u: y(u) = 0}. Then the problem (3.8) has a solution.
Proof. We have shown above already that property (P) holds. We hence must
verify that (2.13) and (2.14) are true. Thus let w, {w,}, and {u,} be as
in these conditions. We know that ¢(w) = w(w) = 0 (see Corollary 3.2), i.e.,
w € ker ¢ Nker i . By hypothesis we have (3.12) holding, i.e., w(v—w) = y(v),
Yv € H. Hence v—w € S, whenever v € S. Moreover, since w € kergp = W,
we have
a(w,v)+a(v, w)= (¢ (w),v)=0, Yve W.

Hence

p(v-w)=9@v)+ew)-lav, w)+alw, v)]=9¢)
proving (2.14) and hence the result follows.

Corollary 3.6. Suppose again that w € C' and that ¢ and y satisfy the con-
ditions at the beginning of this section and that

(1) w(u) <0, for some ue H,
(i) w(u)>0, VueW and
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(iii) if ue W is such that w(u) =0, then y(v —u) =y(v), Vv e H.
Then the functional f given by (3.10) has a critical point.
Proof. 1t follows from (i) that

S={ueH:yu)=-1}+#a.

Since (y'(u), u) = —a, we have y'(u) # 0, Yu € S, and we again may apply
Liusternik’s theorem ([K]) together with Corollary 3.5 to obtain

o' (u) + py'(u) =0
for some p eR.
As in Corollary 3.3 we have
2(u) —pa=0
and since ¥ > 0 on ker ¢ we have
SnNkerg = 2.

This implies that ¢ > 0 on S. Hence ¢(x) > 0 and u > 0. Again the
rescaling

v=2A"u=pr1y

yields the desired conclusion.

4. EXTENSIONS TO REFLEXIVE BANACH SPACES
4.1 Assumptions and notations. Let V' be a real reflexive Banach space with
norm || .||, dual ¥* and the pairing between ¥ and V* given by (-, ). Let
AV V>
be a mapping such that the functional
9:V-R
given by
uw— (Au, u)

is weakly lower semicontinuous.

Concerning Y, v, S, ¢, j, and F = ¢ + j we make the same assump-
tions as in section 2.1 (replacing H by V everywhere) and we consider the
minimization problem

(4.1) F() = min F (v).

As before, we introduce a property which together with certain compatibility
conditions on S will imply the boundedness of the solution set of the regular-
ized problems. As we shall see this property will be an extension of the property
(P) introduced earlier. We hence shall employ the same terminology.



4496 VY KHOI LE AND KLAUS SCHMITT

4.2 Functionals with property (P).

Definition. We say that the functional F (or the pair (¢, j) or ¢, if j=0)
has property (P) on S whenever the following hold: There exists a constant
p > 1 such that: If {v,} C S is any sequence in S satisfying, as n — oo,

( (a) ”vﬂ“ - OO,
() wn= " ,
(4.2) ) llvall
‘ ©  Mwall < llvp — Awll, Vn, VA>1,
: ®(vn)
d lim su <0,
\( ) m sup o =

then there exists vy € S such that
(4.3) lim sup F(v,) > F(vg).

n—oo

We note that, in some sense, condition (4.2 (c)) is an orthogonality condition
between v, and w (see, e.g., [J]).

The main abstract existence result for problem (4.1), as before, will involve
functionals having property (P). Again, before stating and proving this result
we shall provide some conditions guaranteeing that property (P) holds.

Proposition 4.1. Suppose that F satisfies the conditions of the definition with (c)
replaced by

(c) 1 <|lwy —wl|, V n sufficiently large,

or

(") lw|| < 1, provided V is locally uniformly convex with respect to || - ||,
or

(") V is a Hilbert space, and w = 0.

Then F satisfies property (P).

Proof. Suppose {v,} and F are as above. We label the cases to be considered
as (C/), (C"), (C”’).
Case (c’): Since (by (a)) ||vn|| > 1, for n sufficiently large, we have from
(c) that
loall < llvn = |lunllw||, Vn sufficiently large,

hence
1 <|lw, —w|, Vn sufficiently large,

and property (P) holds.

Case (c”): We first note that if V' is reflexive then we may choose (by the
Lindenstrauss-Asplund-Trojanski theorem) ([PS] or [T]) an equivalent norm on
V such that V' is locally uniformly convex with respect to the new norm. The
local uniform convexity of V' vyields the property that (see, e.g., [B])

u, — u, whenever u, — u and ||u,| — |4

Suppose then that the conditions of the definition hold for a sequence {v,} but
that (¢”) is false, i.e., ||lw| > 1. We then have
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lim sup [|[wy|| = 1 < [[w].
n—oo

However, since || - || is lower semicontinuous, it follows that
lwll < liminf [|w,]|,

n—oo

and hence
[wll = lim [jw,l|,
—00
and thus by the above property
wy, - W,
contradicting the fact that for n large
1 S "w'l - w” )

which follows from (c).
Case (c”’): Suppose {v,} is a sequence as in the definition. Choose A = 1
in (c) and get

[vall? < llvw = wii? = lvall® + wl? = 2(va, w),

((+, +) is the inner product of ¥ now) and thus

w w) < ——
(Wn, w) < 2||va)2”

implying that
lwiP = Jim (w, , w) = 0.

Hence w = 0.
Thus in either of the three cases we have shown that property (P) holds.

Proposition 4.2. Assume that F satisfies: If {v,} is a sequence in S such that

v
“’Un”—>00, wy = “ - w,
(4.4) lluall
sup F(v,) < +c0.
neN
Then
w. =" L w
" vl

Then F has property (P).
Proof. The proof is similar to the proof of Proposition 2.2, so we omit it.

The following example shows that the conditions given by Proposition 4.2
are a strict special case of property (P), even in the case of Hilbert spaces.

Example. Let H be an infinite dimensional Hilbert space and let
[l
Fu)= ——.
= T

We shall show that F is weakly lower semicontinuous, has property (P), yet
does not satisfy the conditions of Proposition 4.2. In fact, suppose that {u,}
is a sequence with u, — u. Select a subsequence {u,, } C {u,} such that

lim F(uy,) = liminf F (u,).
k—o00 n—o0



4498 VY KHOI LE AND KLAUS SCHMITT

Since {u, } is bounded, we may assume, by passing to a subsequence, if neces-
sary, that {||u,, ||} is convergent. Moreover, by the weak lower semicontinuity
of the norm, we have
lull < lim {juy,,||.
k—o0

Since the mapping
X

G: Rt =RY, x+—-——
l+x

is continuous and increasing, we get
F(u) = G(luil) < G(im [up, [I) = lim G({lun,]I)

= lim F(up,) = liminf F(u,).
k— oo n—oo
Hence F is weakly lower semicontinuous. To show that F has property (P)
we use the definition. Let {v,} be such a sequence, then, since ||v,]| — oo, we
have that
limsup F(v,) =1 > F(0),
n—o0

i.e., (4.3) holds and hence F has property (P). Since H is infinite dimensional,
we may choose a sequence {u,} C H, |u,|| = 1 such that it contains no
convergent subsequences. Let v, = nu,, then |lv,|| — oo. By passing to a
subsequence, we may assume that

llvnll

Also, since F is bounded all the conditions of Proposition 4.2 hold, yet u, =
“—z:“ does not converge to w.

We shall give a useful consequence of Proposition 4.2 which yields property
(P) for functionals F which have the property that the associated ¢ is coercive
off its zero set which is assumed a finite dimensional linear space. We prove
the following.

_

Un

Proposition 4.3. Suppose that ¢ is nonnegative and positive homogeneous of
degree p > 1. Further assume that
kerp = {u: ¢(u) =0}
is a finite dimensional subspace of V' such that
(4.5) p(u+v)=9pW), YvoeV, Yuckergp.

Furthermore assume that V = kerp ® X, where X is a closed subspace of V
and ¢|x is coercive in the sense that there exists ¢ > 0 such that

(4.6) p(v) > c||lv|”, Yv e X.

Then F = ¢ + j satisfies property (P) for any j satisfying our stated assump-
tions.

Proof. We shall show that the conditions of Proposition 4.2 are met. To this
end let {v,} be a sequence satisfying

Un

Upl| = 00, —= —
onll =0 ]

w,
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and
sup F(vy) < +o0.
Since j is convex and lower semicontinuous, there exist constants a, b € R
such that
Jj(u) > allull+b, YueV.

Hence
0> limsup o=y ",, T [9(Vn) + j(vn)]
nh—o00
: 9Wn) ... calluall +b
> limsu + liminf ————
= el Toalle TR T ol
v
= lim sup (—")
msot ¥ \Toul
= lim sup ¢(w,)
n—oo
> liJn inf ¢ (wy,)
> ¢p(w) > 0.
Hence
(4.7 w € ker ¢ and nlinolo o(w,) =0

It follows from (4.4) that v, =&, +n,, &, € kerg, n, € X. Hence (4.3) and
(4.5) imply
®(Vn) = @(nn) > cl|nall®

otun) = 20 > ¢ (I

lloall? =~ \llvnll
and we conclude by (4.7) that

and

m ||

l[onll

"n
— = 0.
[|vnll
Since w, — 0, it follows from (4.6) that ll‘%ﬂ — 0. Since ker ¢ is finite di-
mensional, we conclude that “—f,ﬂﬂ — 0. We hence conclude that F has property
(P).

4.3 Existence results. Let us consider the analogue of Theorem 2.5 for the
Banach space case. We have:

Theorem 4.4. Let F satisfy property (P) on S and suppose the following com-
patibility condition is satisfied: If w € V is such that there exists a sequence
{un} CV such that

Un
u 00, Wp=i—t — W,
" n" - n |Iu"“
—00 n
im Y®) _o i o,

n=oo |lun|4
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Then we have
- S, v ,
(4.9) { u—we ues
F(u—w)<F(u), VYuel.
Under the above assumptions the minimization problem (4.1) has a solution
ues.
Proof. We follow the steps used to prove Theorem 2.5 and use again the method
of elliptic regularization, i.e., we consider the perturbed functionals
(4.10) F.(u) = F(u) + €||u||?, ueV, e>0,
and show that the problems

(4.11) Fe(u) = min Fe(v)

have a uniformly bounded set of solutions {uc} C S.
We may proceed, as in the proof of Theorem 2.5 and reach the point that

n® < lltw = wlf?, V.
From this it follows that for A > 1, or ¢t = % € (0, 1] that
lun|l < |lup — wi| < (1 = O)||unll + tllun — Aw]|

or
lunll < llun — Awll, Vn, VA>1.

We hence have condition (4.2(c)) of property (P) verified. We proceed fur-
ther as in the proof of Theorem 2.5 by dividing by |lu,||? rather than |u,|?
and verify the other parts of condition (4.2). We now invoke property (P) to
complete the proof via a contradiction.

5. A CRITICAL POINT THEOREM

In this section we shall use Theorem 4.4 together with Liusternik’s theorem
(Lagrange multipliers) (see [K]) to establish an existence result for critical points
of certain functionals. This result is an extension to reflexive Banach spaces of
Corollaries 3.2, 3.3, 3.5, and 3.6.

Let us assume that

p:V-R

is a nonnegative weakly lower semicontinuous functional on ¥, which is posi-
tive homogeneous of degree p > 1 (see section 4.3). Concerning ¥ we assume
that

v:V—-R

is weakly continuous and positive homogeneous of degree o > 1.
We have the following consequence of Theorem 4.4.

Corollary 5.1. (a) Let ¢ and y satisfy the above conditions and assume that ¢
has property (P) on S. Suppose furthermore that

{ p(v—u) < g),

5.1
(3.1 w(v—u)=w(), YveV, Yuekerpnkery.
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Then the minimization problem

(5.2) p(u) = rgg p(v)

has a solution u € S.
(b) If ¢, w belong to class C', and o # p and if

(1) w(u)<O0, for some ueV,
(1) w(u)>0, Vuekerg and
(iii) if u € kerg is such that w(u) =0, then (5.1) holds.
Then the functional
(5.3) f=o+ty
has a critical point.

Proof. We verify the conditions of Theorem 4.4 for the functional F = ¢, i.e.,
Jj=0. Let {u,}, {wn}, w be as in (4.8). It follows immediately that

lim sup AT <0,
n—ooo ||Unl|
and hence, since ||u,|| — oo
. @ (un)
1 <
vl PR
However,
Un o(un)
w = = —
own) =0 (eg) =
and thus

lim sup ¢(w,) < 0.

n—o0

Since ¢ is weakly lower semicontinuous
0 < ¢(w) <liminfg(w,) < limsup p(w,) <0,
n—oo

n—oo

ie.,, p(w) =0 and w € kery. Using the complete continuity and a-homo-
geneity of w we deduce that y(w) = 0. It follows therefore from (5.1) that
v—w €S, whenever v € S and ¢(v — w) < ¢(v), Vv € V. Hence (4.9) is
true and we may apply Theorem 4.4.

(b) It follows from (i) that

S={u:yu)=-1} # 2.
Also (ii) implies that the assumptions of (a) hold. Hence if u is a solution of
the minimization problem (5.2), then y’(u) # 0, since
('), u) =ay(u) = —a #0.
We may apply Liusternik’s theorem ([K]) to obtain
o' (u) + puy'(u) =0

for some u € R.
Then , /
0=(¢"(u), u) + u(y'(u), u)

=po(u) + pay(u)
=py(u) — po.
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Since ¥ > 0 on kerp we have
Snkerg = 2.
This implies that ¢(u) > 0, u > 0. Again the rescaling
v =puru
yields the desired conclusion

9'(v)+y'(v) =0.

6. APPLICATIONS

In this section we shall consider some applications of the results derived
above.

6.1 A problem with exponential nonlinearity. Let Q c R? be a bounded
domain with smooth boundary and consider the partiai differential equation

(6.1) Au+ke*=h, 1nQ
subject to the (nonlocal) boundary conditions

{ = constant, on 6Q

(6.2) ou

_=0’
398}1

where k and / are given functions and % is the normal derivative on 9Q.
In this case we choose

H = {uc H(Q): u|yq = constant},
then H is a (Hilbert) subspace of H!(Q) with respect to the H! norm

jul = ( i qulzl)l/z.

We assume that k € C(Q) and 4 € L*(Q) and define

(6.3) o(u) = %(Au, uy, ue H,

with
(Au,v)=/Vu-Vv, u,veH,
Q

and
(6.4) j(u)=/hu, ue H,
Q

then j is a bounded linear functional, and kerg = R.

We let
S={ueH:y/(u)=/ke“=0},
Q

then S # @, whenever k assumes both positive and negative values. Since
n = 2, it follows that
v:H-R
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is a completely continuous mapping. This is an immediate consequence of
Trudinger’s theorem ([GT]) about the embedding of H!(Q) into the Orlicz
space L,(Q2) with ¢(t) = e’ —1,1>0 (see also [A]), and compact embedding
results between Orlicz spaces ([A]). Hence S is weakly closed in H . Further
y € C'(H,R) and

(y/’(u),v)=/ke“v, u,veH.
Q
We have the following corollary.

Corollary 6.1. Assume that k changes sign on Q andthat [, h = 0. Then there
exists u € S such that

(6.5) o(u) +j(u) = minfp(v) + j(v)],

where ¢ and j are given by (6.3) and (6.4), respectively.

Proof. We note that F = ¢ + j satisfies property (P) by an application of
Proposition 2.3. We choose P, = 0 and Pi(u) = [, u?. Then we have for
ueH, |luf=1and A>1
1 .
FeG), )y + P+ 77 > [ Va4 [ 0= = 1
Q Q

Hence (2.10) holds and therefore property (P) is valid.

Let now {w,}, {u,}, and w be asin (2.13) (we shall employ Theorem 2.5).
We then have (since jo, = j)
limsup#fp(un) +Jj(w) <0,
n—co ||ttnll
and there’ore | W)
. Jj(w
hmsup[ u,)+—=| <0,
Tl it

n—oo Un|

1.e.,
limsup ¢(w,) = limsup({4dw, , w,) < 0.
n—oo

n—oo
Hence (by the weak lower semicontinuity) (4w, w) < 0, and therefore (4w,
w)=0,ie,wekerp=R.
Let u € S, we then have

v(iu—w) = / ke*™v =e‘“’/ ke* = 0.
Q Q

Hence u — w € .S and moreover,
Flu—-w)=(Au—w), u—w) + j(u—w)

= (Au, u)+/gh(u—w)

=(Au,u)+/hu=F(u),
Q

since [, 7 = 0. We may therefore employ Theorem 2.5 to obtain the conclusion.
It follows from the Fredholm alternative that there exists #y € H such that

(6.6) /VuO'Vv=/hv, YveH,
Q Q

whenever [, 4 = 0. Using this fact, we obtain the following corollary.
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Corollary 6.2. Assume that k changes signon Q and [, h = 0. Further assume
that k is such that

(6.7) / ke* <0,
Q
where ug satisfies (6.6). Then the problem
(6.8) /[Vu»Vv+hv]=/ke“v, YveH,
Q Q

has a solution u € H, i.e., the problem (6.1) subject to the constraints (6.2) has
a weak solution.

Proof. Let u be a solution of (6.5) whose existence follows from Corollary 6.1.
It follows then from Liusternik’s theorem ([K]) that there exists A € R such
that

(6.9) /[Vu Vv + hv] = l/ ke*v, Yv e H.
Q Q

Note that u € H*(Q). In fact, since u|sq = a € R, we have that u; =u —a €
H}(Q) and thus (6.8) implies

/[Vul-Vv+hv]=/V(u1+a)'Vv+hv
Q Q
=,1/ke“v=/1/ke“'+"v, Yv € H}(Q).
Q Q

Thus u; is a weak solution of
{ Auy + h = Akete in Q,

u; =0, onoQ.

But since 2(u; + a) € H'(Q) we have [,e2+) < o0, ie, et € L2(Q),
and thus ke“'*® € L*(Q). Since h € L?(Q) we obtain by regularity theory
(see, e.g., [GT] ) that u € H*(Q). Hence w = up — u € H*(Q). This implies
that e¥ € H'(Q). In fact we have (by the above) e¥ € L*(Q), and, moreover,

[Ve¥| = |e¥Vw| = e¥|Vw|,

since |Vw| € L*(Q), and by the Sobolev embedding theorem, H?(Q) —
L>(Q) (n =2) that w € L>°(Q), hence e¥ € L>°(Q) and therefore e*|Vw| €
L?(Q); further since w = uy — u = constant on 9Q we get eV € H.

Letting v = e¥ = e%~% € H in (6.9) and (6.6) and subtracting yield

/ V(u—up) V(e ™) = l/ keteto*
Q Q

(6.10)

or
/ V(u—up) € V(g —u) = A/ ke'
Q Q

—/ |V (u — up)|?eto* = ,1/ ke'o,
Q Q
implying that A > 0. Putting # = log + u, we obtain a solution of (6.8).

1.€.,
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Remark 6.3. Using similar arguments to the above one may establish the exis-
tence of solutions of the problem
Au+ke*=h, inQ

subject to Neumann boundary conditions

8_u =0, onodQ,

on
provided & satisfies, h € L2(Q)

/h=0
Q

and k € C () is such that k changes sign and

/ ke* <0,
Q

where uo satisfies
/Vuo-Vv=/hv, Yv € H(Q).
Q Q

Remark 6.4. The one-dimensional analogue to problem (6.1), (6.2) is the peri-
odic boundary value problem (‘= 4)

u' +ke*=h, 0<t<T,
u(0) = u(T), u'(0) = u/(T).
With the proper interpretation Corollary 6.2 represents an existence result for
this problem also.
Now, we consider an extension of the example considered above to the case

of the p-Laplacian. Let Q C RY be a bounded domain with smooth boundary
and consider the partial differential equation

(6.11) V- ([VulP~2Vu) + ke* =h, inQ
subject to the (nonlocal) boundary conditions

{ u = constant, on 9Q

(6.12) du

- =0’
aQ 81/,,

where k and h are given functions and g% = |Vu|P~23% is the normal deriva-
tive (defined by the p-Laplacian) on 0Q.
This problem has the weak formulation:

(6.13) /[qu|”‘2Vu-Vv+h'v]—/ kev=0, YveV, ueV,
Q Q

where
V ={ueW"?(Q): u|pq = constant},

then V' is a (Banach) subspace of W!-?(Q) with respect to the usual W!-?-

norm Up
o = ([ g + vuPy)
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We assume that p > N, k € C(Q), and h € L(Q), g = ;%; and define

1
¢W)=—/WVMA wev.
P Ja

ﬂm=/hm wev,
Q

then j is a bounded linear functional, and ker¢p =R.

As above, we let
S={ue V:t//(u)z/ke“=0},
Q

then S # @, whenever k assumes both positive and negative values. Since
p > N, it follows that
v:V-—-R
is a completely continuous mapping. (If p > N, this follows from the compact
embedding W!7(Q) — L*(Q). If p = N, as in the case p = 2, this is an
immediate consequence of Trudinger’s theorem ([GT]) about the embedding of
N

W!.2(Q) into the Orlicz space L,(Q) with ¢(z) =€l —1, t>0 (see also
[A]), and compact embedding results between Orlicz spaces ([A]).) Hence S is
weakly closed in V. Further w € C'(V, R) and

(y/’(u),v)z/ke“v, u,veVv.
Q

Of course ¢ and j are of class C! also and ¢’ + j' is as computed earlier.
The (quasilinear) variational problem corresponding to (6.13)

(6.14) /|Vu|"_2Vu-Vv+hv=O, YvvoeV,uelV,
Q

has a solution (as is easily verified) if and only if [,/4 = 0, which we shall
assume. We now let uy be a solution of (6.14) (all solutions of which are given
by ug+c, ¢ € R). We have the following existence result.

Corollary 6.5. Assume that k changes sign on Q and that [ h = 0. Then there
exists u € S such that

(6.15) F=g(u)+ju) = rlfleig[(p(v) + j(v)].
If also
/ ket <0,
Q

then (6.13) has a solution.

Proof. We note that F satisfies property (P) by an application of Proposition
4.3 noting that V = WO"” ® R, ker ¢ = R. The remaining arguments are
parallel to those used in the proof of Corollary 6.2 and Remark 6.3 with the
obvious modifications made for the present case. We shall omit the details.

Remark 6.6. Another approach to proving the results of Corollaries 6.1 and 6.5
would be to replace S by Sn{u € V: [,u =0}, and proceed in a similar way.
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6.2 Some higher order problems. Let H = H?(0, T), where T is a fixed
positive number, equipped with the usual Sobolev norm. Let a: H x H - R
be the bilinear form given by

T
a(u,v)=/ u'v”, u,veH,
0

and let
(6.16) pw) = yalu, u), {u,v)=za(u, v).
For a>1, a#2 and k € L'(0, T) consider the functional
v:H-R
defined by
T
(6.17) () = /0 Kkl |°.

It is clear that a is bilinear continuous, symmetric and positive on H (i.e.,
a(u, u) >0). Since a(u, u) =0 implies that ¥’ =0 a.e. on (0, T), it follows
that

(6.18) kera={u:u=at+b,a,beR,te[0, T]}.
Letting Py =0, P(v f [(v)2 +v?],v e H we get
a(v,v)+ P (v) =|v||*>, WYveH.
It therefore follows that ¢ satisfies property (P) on H.
On the other hand we have that vy € C'(H, R) and
(6.19) (u/’(u),v)=a/0Tk|u’|°“2u’v’, u,v € H.

We shall now use what has been established in section 3 to obtain critical points
(nontrivial) of the functional

(6.20) Srurm o) +y(u),

as solutions of the equation
(6.21) / u”v”+a/ klW'|*""w'v' =0, YveH*0,T),

the latter being the weak formulation of the nonlinear boundary value problem
u® = a(klw'|*=2') in (0, T),

u"(0)=u"(T) =0,

ak(0)]u'(0)|*~2u'(0) = u"(0),

ak(T)|W'(T)|*"*u/(T) = u"'(T).

(6.22)

It is clear that constants are trivial solutions. To obtain nontrivial solutions
we use Corollary 3.3, and obtain
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Corollary 6.7. Assume that k € L'(0, T) is such that
T T
(6.23) / k>0 and / klu'|* <0, forsome ue€ H.
0 0

Then (6.21) and hence (6.22) has a nonconstant solution.

Proof. We check the assumptions of Corollary 3.6. By assumption there exists
u € H suchthat w(u) <0. Let u € kerg, then u(t) =at+b, a, b€ R. Then

, if a=0,
/klula /klala_“”a/ _{>0 if a£0

Hence w(u) >0, Vuekerg. If w(u)=0, then u=5b and hence v’ =0 and
for all v € H, we have

T T
vl —u = [Tkl =utpe = [Tk = i),

We hence may apply Corollary 3.6

Remark 6.8. (a) If k€ C(0, T)NL'(0, T), JJ k>0 and k changes sign on
(0, T) then the conditions of corollary 6.7 hold.

(b) Since kerp Nkery # {0} in the above example, Corollary 3.3 is not
applicable here.

The next example we consider is similar in nature to the one above but
considers a fourth order partial differential equation from the theory of thin
elastic plates (see [ASV1] for similar problems subject to unilateral constraints).

Let Q c R? be a bounded domain with smooth boundary 6Q. Let H =
H?*(Q) (equipped with the usual norm and inner product) and let

a:HxH->R
be the bilinear form defined by
a(u N ’U) = /[3111«!3111} + 02Udv + l/(a“uazz’ll + 82214311’0)
Q
(6.24) +2(1 = v)012ud2v],
1
O<rv< E s

where 0;; = %axj )
Then (see [ASV1])

a(u, (1-v) /[ (011u) + (02u)? + (B12u)?],
and thus a(u, u) > 0. Defining ¢(u) = (4u, u), where again
(Au, v) = %a(u, v),

we see that the conditions of Proposition 2.3 may be satisfied with Py = 0 and

Pl(u)=/Q|Vu|2+/Qu2
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and hence that ¢ satisfies property (P). Moreover a is symmetric and
kera = {u € H*(Q) : u(x, x2) = ax; + bx, +c, a,b,ceR,
x =(x1, x3) € Q}.
Let w: H — R be given by (k € L>*°(Q))

/k|Vu|°‘ a>1,a#?2.

Since the embedding H'(Q) — L7(Q) is continuous Vg € (1, 00), v is well
defined. Moreover ¥ € C! and

(¥'(u), v) = a/ k|Vu|**Vu - Vv (u,v € H).
Q

Since the embedding H?(Q) — H'(Q) is compact we see that y is weakly
continuous. Further y is homogeneous of degree . We obtain the following
corollary.

Corollary 6.9. If [,k >0 and [, k|Vul|* <0 for some u € H*(Q), then the
equation

(0 (1) + v'(u), v) = a(u, v) + a/Qk|Vu|a-2Vu Vo =0

(Vv € H%(Q)) has a nonconstant solution u € H*(Q).

The proof is similar to that of Corollary 6.7. We only note that if u € kerg,
then u =ax, +bx, +c, Vu=(a, b) and

0 if a=b=0
— (a2 4 p2\0/2 _ ’ ’
y(u) = (a* + b%) /Qk {>0, if a#0 or b#0.

Thus y(u) >0 and y(u) =0 if and only if u = constant. Thus y(v — u) =
v (v) for all u = constant.

6.3 A semilinear problem involving the p-Laplacian. Let Q be a bounded
domain in RV with smooth boundary. For p > 1, consider the boundary
value problem

(6.25) { (|VulP2Vu) + g(x, u) =0, inQ,
31/

= |VulP~2%¢ =0, on 9Q,
where g : QxR — R is a given function satisfying Carathéodory type conditions
and the growth conditions (given below) (see, e.g., [D], [PM], or [An] and the

references therein for usual properties of the p-Laplacian).
This problem has the following weak formulation:

(6.26) / |VulP2vu - Vo +/ gx, v =0, Ywe WH?(Q),ue whHr(Q),
Q Q

where ¥V = W1-2(Q) is the Sobolev space of L? functions having L? first
(weak) derivatives, endowed with the usual norm ||u|| = ||u||w:1.»(q). Concerning
g we assume that it is the growth condition

lg(x, u)| < a+blu?!,
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where a, b are constants and

(6.27) {1<q<p*:Np(N—p)“, ifp<N,
) l<g<p*=o00, if N<p.
Let

G(x, u)=/0ug(x,s)a’s,

then standard arguments give that solutions of (6.26) are given by the critical
points of the functional

(6.28) S(w) =)+ y(u),
where :

0w = [ 1vup,
and

w(u) = /QG(x, u(x)), uelv.

It follows that ¢ and y are of class C! and
(@'(w), )= [ 1VulP~29u- Vo,
Q

(W' (u), v) = /Qg(x, u(x))v, Yu,vev,

where (-, -) denotes the pairing between V' and V*.
With this setup we have the following result.

Corollary 6.10. Assume that

(6.29) G(x, tu)=t"G(x,u), Vt>0, ae. x€Q, YucR,
and

(6.30) /QG(x,il)>O,

and

(6.31) /QG(x, u(x)) <0, forsomeucV.

Then (6.26) has a nontrivial solution.

Proof. We first check that ¢ has property (P). It is clear that ¢ is nonnega-
tive and continuous on ¥ and, since p > 1, ¢ is convex and hence weakly
lower semicontinuous. We shall employ Proposition 4.2 with F = ¢. Thus let

{vn}, {w,}, w be as in the proposition. It follows that lim,_ ﬂ%’,’iﬁ =0,
and hence o )
0 < ¢p(w) < liminfg(w,) < limsup ¢(w,)
h—o0 n—oo
. v . ¢('Un)
= limsup ¢(—=) = limsup —— =
P P, ) = P ol

Hence ¢(w) =0, i.e., w =constant. Thus also

/W(wn—w)v’ o0,
Q
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which together with the compactness of the embedding V' — LP(Q) implies
that w, — w. Thus ¢ has property (P).
The above also shows that

kerp =R, ¢(v—u)=¢(v), Yv €V, Yu€ kerg.

The growth conditions on g and (6.27) imply that the embedding V —
Li(Q) is compact and thus if %, — u, then u, — u in L?(Q) and hence
G(-, up) — G(-, u) in L'(Q), which implies the complete continuity of .
Using the other hypotheses on g we may now employ part (b) of Corollary 5.1
to complete the proof.

- A particular choice of g is
gx, u) = k(x)[u|*2u,

where k € C(Q), 1 < ap*, a # p. In this case the Carathéodory conditions
are easily verified. The other conditions of the corollary will hold whenever k
changes sign on Q and [,k > 0.

6.4 A Dirichlet problem involving the p-Laplacian. As above let Q be a
bounded domain in RM with smooth boundary. We shall now consider a
Dirichlet problem, which may be considered as a nonlinear perturbation of
a problem at resonance. For p > 1, consider the boundary value problem

(6.32) { =V (IVulP=2Vu) + Lym(x)|ulP~*u+ g(x, u)=0, inQ,

) u=0, on 0Q,
where m : Q - R, m € L>®°(Q) is the weight function with m > 0 on a
set of positive measure, g is as in the above example and A, is the pricipal
eigenvalue of the p-Laplacian (with respect to the weight m ) with respect to
homogeneous Dirichlet boundary data (cf. [An]).

It follows from [An] that A; is a simple eigenvalue, is isolated and can be
characterized as

Al =inf{/ |VulP :u € W, 7 (Q), /m|u|”= 1}
Q Q

p
= inf{m tue WP (Q), / mlulP > 0}.
fg mlulp Q

Problem (6.32) has the following weak formulation:
/ [VulP=2Vu - Vo — 4, / m|u|P~2u +/ glx,uv=0,

Q Q Q
Yu e W, P (Q), ue Wy P(Q),

It follows that solutions of (6.34) are given by the critical points of the func-
tional

(6.33)

(6.34)

(6.35) f(w) =11)/Q|Vu|”—%/ﬂm|u|"+/QG(x, ux),  ue Wi Q).

We have the following result. ( y is an eigenfunction of the p-Laplacian corre-
sponding to 4;.)
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Corollary 6.11. Assume that

6.36 G(x, 0

( ) /Q (x, x£y) >

and

(6.37) ‘/Gu,MxD<0,ﬁvwmeueW$%Q)
Q

Then (6.34) has a nontrivial solution.

Proof. We shall employ the usual norm (implied by the Poincaré inequality) in
V= %‘ 'P(Q). Let again y be defined by

ww=/ammmx uev.
Q
It follows that y is of class C! and
W' W, v) = [ gl uxmw, Vi, vev,
Q

where again (-, -) denotes the pairing between V' and V*. Let

(6.38) p(u) = l/ |Vulp — 111/ mlul? , uev,
DJg D Ja
then ¢ is nonnegative. Further, the mapping
U — l/ |VulP
DJa

is convex and continuous and the mapping

A
uv—»—l/m|u|"
p Ja

is completely continuous. Hence the mapping

u— p(u)
is weakly lower semicontinuous. We next check that ¢ satisfies property (P).
We again use Proposition 4.2 with F = ¢ . Thus let {v,}, {w,}, w be asin
the proposition. It follows that limsup,_, ﬁ’%ﬁg <0, and hence

0<p(w) < li'{n inf p(w,) < limsup ¢(w,)
—00 n—oo .

= limsup ¢ (”z—"”> = lim sup 0(Vn)
n

n—oo n—oo [lUnll? =

ie., p(w)=0, or

(6.39) /IVwV’:Al/ ml|wl|?,
Q Q

and

(6.40) / [Vwyl? — 4 / m|wy,|? — 0.
Q Q
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Since w, — w in V it follows that w, — w in L?(Q) and hence

,11/ m|w,,|”—+ll/ mlwl?.
Q Q

Therefore (6.39) and (6.40) imply that w, — w (recall that Wol”’ (Q) is uni-
formly convex). Moreover (6.39) implies that

kerp = span{y} = {ty:t € R}.

The remainder of the proof is similar to that of the previous corollary.

(A]
[An]

[ASV1]

[ASV2]

[ASV3]

(BTW]

(B]
D]

[GT]
Ul
[KS]
(K]
[MW]
[PS]
[PM]
(8]

[T]
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